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1. Introduction
Let B be an abelian group and rv: B → Bv be an infinite family of group homomorphisms whose targets Bv are finite
abelian groups. We will use the following notation:
P(mod v) denotes rv(P) for P ∈ B
P = Q (mod v) means rv(P) = rv(Q ) for P,Q ∈ B
Λtors the torsion part of a subgroupΛ < B
ord T the order of a torsion point T ∈ B
ordvP the order of a point P(mod v)
lk ‖ n means that lk exactly divides n, i.e. lk | n and lk+1 - nwhere l is a prime number,
k a nonnegative integer and n a natural number.
We impose the following two assumptions on the family rv: B→ Bv:
(A1) Let l be a prime number, (k1, . . . , km) a sequence of nonnegative integers. If P1, . . . , Pm ∈ B are points linearly
independent over Z, then there is infinite set of v such that lki ‖ ordvPi if ki > 0 and l - ordvPi if ki = 0.
(A2) For almost all v the map Btors → Bv is injective.
Presently known examples of where the above set-up applies are:
1. O×F ,S , S-units groups, where F is a number field and S is a finite set of prime ideals in the ring of integers OF . In this case
B = O×F ,S and for every prime ideal v in OF not in S we set Bv = κ×v where κv = OF/v is the residue field and rv denotes
reduction modulo v;
2. A(F), Mordell–Weil groups of abelian varieties over number fields F with EndF¯ (A) = Z. In this case B = A(F) and for
every prime ideal v in OF of good reduction Bv = Av(κv) and rv denotes reduction modulo v;
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3. K2n+1(F), n > 0, odd algebraic K -theory groups of number fields. In this case B(F) = K2n+1(F) and for every prime ideal
v in OF we set Bv = K2n+1(κv) and rv denotes the composition of the canonical isomorphism K2n+1(F) ∼= K2n+1(OF ) and
the homomorphism
K2n+1(OF )→ K2n+1(κv)
induced by projection OF → κv .
(Assumption (A1) is fulfilled by [1, Theorem 5.1], and Assumption (A2) by [2, Lemma 3.11]).
In this paper we will prove
Theorem 1.1. Let Q1, . . . ,Qu ∈ B and suppose that P1, . . . , Pt ∈ B are linearly independent points such that for almost all v
and for every n ∈ N the following condition holds
if nQi = 0(mod v) for every i ∈ {1, . . . , u}
then nPiv = 0(mod v) for some iv ∈ {1, . . . , t}. (1)
Then αPi ∈ Λ for some i ∈ {1, . . . , t} and α ∈ Z \ {0} where Λ is the subgroup of B generated by the points Q1, . . . ,Qu. In
particular, if
◦ u = 1 or
◦ t = 1 and the points Q1, . . . ,Qu are linearly independent,
then the integer α can be omitted. If t = 1 then P1 ∈ Λ+ T where T ∈ Btors.
and its corollaries:
Corollary 1.2. Let Λ be a finitely generated subgroup of B and suppose that P1, . . . , Pt ∈ B are linearly independent points such
that for almost all v
Piv ∈ Λ(mod v) for some iv ∈ {1, . . . , t} . (2)
Then αPi ∈ Λ for some i ∈ {1, . . . , t} and α ∈ Z \ {0}. In particular, if
◦ u = 1 or
◦ t = 1 andΛ has no torsion points,
then the integer α can be omitted. If t = 1 then P1 ∈ Λ+ T where T ∈ Btors.
Results similar to Theorem 1.1 with t = u = 1 are called the support problem and results similar to Corollary 1.2 with
t = 1 are known as detecting linear dependence problem (see below). Theorem 1.1 with t = 1 applied to the K -theory case
answers a question posed by Jerzy Browkin in 2003 in a letter to Grzegorz Banaszak.
Corollary 1.3. Let Q1, . . . ,Qt (resp. P1, . . . , Pt ) be linearly independent points such that for almost all v and all natural
numbers n
nQi = 0(mod v) for some i⇔ nPj = 0(mod v) for some j. (3)
Then there exist δ1, . . . , δt ∈ {−1, 1} such that {Q1, . . . ,Qt} = {δ1P1, . . . , δtPt}.
Ifm is a positive integer then its support, denoted by supp(m), is the set of prime numbers dividingm.
Corollary 1.4. Let x1, . . . , xt (resp. y1, . . . , yt ) be multiplicatively independent natural numbers such that
i=t⋃
i=1
supp(xni − 1) =
j=t⋃
j=1
supp(ynj − 1)
for every natural number n. Then {x1, . . . , xt} = {y1, . . . , yt}.
Corollary 1.4 generalizes the support problem, i.e. the following question of Pál Erdös1:
Let x, y > 1 be natural numbers such that
supp(xn − 1) = supp(yn − 1) (4)
for every natural number n. Is then x = y?
C. Corrales-Rodrigáñez and R. Schoof [13] answered the question affirmatively by proving the following theorem2:
1 Generalizations in other directions can be found in [3,1,4]
2 Note that a more general result was obtained by Schinzel in [5], see Theorem 2.
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Let F be a number field and let x, y ∈ F∗. If for almost all prime ideals p of the ring of integers of F and for all positive integers
n one has
yn ≡ 1(mod p) whenever xn ≡ 1(mod p) (5)
then y is a power of x.
They also proved the elliptic curve analogue of their theorem and asked if it could be extended to abelian varieties. For
special abelian varieties the problemwas solved independently by G. Banaszak, W. Gajda and P. Krasoń in [6] and Ch. Khare
and D. Prasad in [7]. The final solution of that problem was given by M. Larsen in [8]:
Let F be a number field, OF its ring of integers, and O the coordinate ring of an open subscheme of SpecOF . Let A be an
abelian scheme over O and P,Q ∈ A(O) arbitrary sections. Suppose that for all n ∈ Z and all prime ideals p of O, we have the
implication
if nP ≡ 0(mod p) then nQ ≡ 0(mod p).
Then there exist a positive integer k and an endomorphism φ ∈ EndO(A) such that φ(P) = kQ .
In [9] also an analogous result for K -theory groups of number fields was proved.
Note that since OF/p× is a cyclic group, the condition (5) is equivalent to the following:
y ∈ 〈x〉 (mod p) (6)
where 〈x〉 denotes the subgroup generated by x. However in the case of abelian varieties conditions (5) and (6) are not
equivalent. It leads to the problem of detecting linear dependence by reduction maps, formulated by W. Gajda in 2002 in a
letter to Kenneth Ribet. The following theorem answering this question was proved by T. Weston in [10]:
Let A be an abelian variety over a number field F and assume that EndFA is commutative. Let Λ be a subgroup of A(F) and
suppose that P ∈ A(F) is such that P ∈ Λ(modv) for almost all places v of F . Then P ∈ Λ+ A(F)tors.
A similar result and its analogue for K -theory groups of number fields were proved independently by G. Banaszak, W.
Gajda and P. Krasoń in [2]. Further results in abelian varieties case were obtained by W. Gajda and K. Górnisiewicz in [11]
and recently G. Banaszak proved the following theorem in [12]:
Let P1, . . . , Pr be the elements of A(F) linearly independent over R = EndF (A). Let P be a point of A(F) such that RP is a free
R-module. The following conditions are equivalent:
1. P ∈∑ri=1 ZPi
2. P ∈∑ri=1 ZPi (mod v) for almost all primes v of OF .
2. Proofs
Proof of Theorem 1.1. If all the points Q1, . . . ,Qu are torsion then we can choose a prime number l coprime to their orders.
By Assumption (A1) there are infinitely many v such that l | ordvPi for i ∈ {1, . . . , t}, and the assumption of the theorem
does not hold by Assumption (A2). Hence we can assume that at least one of the points Qi is nontorsion.
Let L1, . . . , Ls be a basis for the nontorsion part ofΛ. Suppose that P1, . . . , Pt , L1, . . . , Ls are linearly independent. Choose
prime number l such that l does not divide the exponent of the groupΛtors. By Assumption (A1) there are infinitely many v
such that
l | ordvPi for i ∈ {1, . . . , t} ,
l - ordvLj for j ∈ {1, . . . , s}
and by Assumption (A2) for almost all v we have ordvT = ord T for T ∈ Λtors. Hence we get contradiction with (1) and
α1P1 + · · · + αtPt = λ1L1 + · · · + λsLs with α1, . . . , αt , λ1, . . . , λs ∈ Zwhere not all αi and not all λj are equal to 0.
Suppose that the assertion of the theorem does not hold. Let us reorder the points P1, . . . , Pt for simplicity of notation
so that {L1, . . . , Ls, P1, . . . , Pk} is a maximal subset of the set {L1, . . . , Ls, P1, . . . , Pt} consisting of linearly independent
points (by the assumption we made k ≥ 1 for every such subset). Then for every Pw where w ∈ {k+ 1, . . . , t} there
are piw, α1,w, . . . , αk,w, λ1,w, . . . , λs,w ∈ Z such that
piwPw = α1,wP1 + · · · + αk,wPk + λ1,wL1 + · · · + λs,wLs (7)
with piw 6= 0 and αi,w 6= 0, λj,w 6= 0 for some i, j. Choose prime number l coprime to all nonzero
piw, α1,w, . . . , αk,w, λ1,w, . . . , λs,w for all w and to the exponent of the group Btors. By Assumption (A1) there are infinitely
many v such that
li+1 ‖ ordvPi for i ∈ {1, . . . , k} ,
l ‖ ordvLj for j ∈ {1, . . . , s} .
Let iw be the greatest number such that αiw ,w 6= 0. Put
n = lcm
(
1
l2
ordvP1, . . . ,
1
lk
ordvPk−1,
1
lk+1
ordvPk,
1
l
ordvL1, . . . ,
1
l
ordvLs
)
.
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Nowwe get by (7) that nliwαiw ,wPiw = nliwpiwPw . Since nliwαiw ,wPiw 6= 0, we get nliwpiwPw 6= 0. Since nliw+1αiw ,wPiw = 0, we
have nliw+1piwPw = 0. Hence liw+1 ‖ ordvPw . By (1) we get contradiction with orders of points P1, . . . , Pt , L1, . . . , Ls. This
proves the first assertion of the theorem.
Now suppose that u = 1. Let us denote Q1 = Q . The condition (1) takes the form
if nQ = 0(mod v) then nPiv = 0(mod v) for some iv ∈ {1, . . . , t} . (8)
We proved above that αQ = βPi for some i and nonzero integers α, β . Now let lk ‖ β for some prime number l and positive
integer k. By Assumption (A1) there are infinitely many v such that lk ‖ ordvPj for j ∈ {1, . . . , t}. So ordvPi = lkm for some
integer m coprime to l and mαQ = mβPi = 0 (mod v). Hence by (8) mαPj = 0 (mod v) for some j. Thus lk | α. Since l was
arbitrary we get β | α, i.e. dβQ = βPi for some nonzero integer d.
Now we repeat an argument from the proof of Theorem 3.12 of [2]:
Since β(dQ − Pi) = 0 then dQ − Pi = T is a torsion point. Suppose that T 6= 0 and l | ord T for some prime number l.
Again by Assumption (A1) there are infinitely many v such that l - ordvQ , l | ordvPj for j 6= i. Thus by (8) we get l - ordvPi.
Hence by definition of T we have l - ordvT . But for almost all v holds ord T = ordvT by Assumption (A2). By contradiction
we get T = 0.
For the proof of the case t = 1 denote P1 = P . The condition (1) takes the form
if nQi = 0(mod v) for every i ∈ {1, . . . , u} then nP = 0(mod v). (9)
Fix a prime number l. If the points Q1, . . . ,Qu are not linearly independent over Z then we can assume, possibly re-
indexing them, that there exist nonnegative integers k1, k1,2, . . . , k1,u, a positive integer η1 coprime to l and integers
α1,2, . . . , α1,u coprime to lor equal to 0 such thatη1lk1Q1 = α1,2lk1,2Q2+· · ·+α1,ulk1,uQu and k1 ≤ k1,i for every i ∈ {2, . . . , u}.
Hence η1Q1 = w1,2Q2 + · · · + w1,uQu + T1 for some numbersw1,2, . . . , w1,u ∈ Z and a point T1 ∈ Λ[l∞].
If the points Q2, . . . ,Qu are again linearly dependent then we can assume that η2Q2 = w2,3Q3 + · · · + w2,uQu + T2 for
some numbersw2,3, . . . , w2,u ∈ Z, a coprime to l natural number η2 and a point T2 ∈ Λ[l∞].
Repeating this algorithm we get equations:
η1Q1 = w1,2Q2 + · · · + w1,uQu + T1
η2Q2 = w2,3Q3 + · · · + w2,uQu + T2
...
ηiQi = wi,i+1Qi+1 + · · · + wi,uQu + Ti
 (10)
and the points Qi+1, . . . ,Qu are linearly independent. Now (10) gives us equations:
ϕiQi = vi,i+1Qi+1 + · · · + vi,uQu + Ui
ϕi−1Qi−1 = vi−1,i+1Qi+1 + · · · + vi−1,uQu + Ui−1
...
ϕ1Q1 = v1,i+1Qi+1 + · · · + v1,uQu + U1
 (11)
for some integers v1,i+1, . . . , vi,u, coprime to l positive integers ϕ1, . . . , ϕi and points U1, . . . ,Ui ∈ Λ[l∞].
Let g be a natural number such that lgUj = 0 for every j = 1, . . . , i. Suppose that the points P,Qi+1, . . . ,Qu are linearly
independent. By Assumption (A1) there exist infinitely many v such that l - ordvQi+1, . . . , ordvQu and lg+1 ‖ ordvP . By (11)
we have:mlgQ1 = · · · = mlgQi = 0mod v for somem coprime to l. Hence by (9) we havemlgP = 0mod v.
By contradiction there exist integers αi+1, . . . , αu coprime to l or equal to zero, nonnegative integers k, ki+1, . . . , ku and
a natural number a coprime to l such that alkP = αi+1lki+1Qi+1 + · · · + αulkuQu, thus
alk+gP = αi+1lki+1+gQi+1 + · · · + αulku+gQu. (12)
Fix arbitrary j ∈ {i+ 1, . . . , u} such that αj 6= 0. By Assumption (A1) there exist infinitely many v such that
l - ordvQi+1, . . . ordvQj−1, ordvQj+1, . . . , ordvQu
lk+g ‖ ordvQj. (13)
Hence by (11) there exist a coprime to l natural number m such that mlk+gP = 0mod v by (9) and malk+gP =
mαjlkj+gQjmod v by (12), so mαjlkj+gQj = 0mod v. Hence lk+g divides lkj+g by (13), i.e. k ≤ kj. Thus aP = αi+1Qi+1 +
· · · + αuQu + T for some integers αi+1, . . . , αu and T ∈ B[lk+g ].
We thus have shown that for every prime number l there exists a natural number al coprime to l such that alP ∈ Λ+ T
where T ∈ Btors. Now notice that if a prime number ld divides gcd(al1 , . . . , ald−1) then
gcd(al1 , . . . , ald) < gcd(al1 , . . . , ald−1).
Hence taking sufficiently many distinct prime numbers l1, . . . , ld we have gcd(al1 , . . . , ald) = 1 and by the Euclidean
algorithm there are integers r1, . . . , rd such that r1al1 + · · · + rdald = 1.
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If the points Q1, . . . ,Qu are linearly independent then we apply the above argument to the points Q1, . . . ,Qu,Qu+1 = Qu
and then we repeat again the argument from the proof of Theorem 3.12 of [2] showing that T = 0. 
Remark 1. The following simple example shows that in general the torsion ambiguity in Theorem 1.1 for t = 1 cannot be
removed.
Let E be an elliptic curve over a number fieldwithout complexmultiplication possessing two distinct torsion points T1, T2
of order 2 and a nontorsion point G. Then points Q1 = G, Q2 = G+ T1, P = G+ T2 fulfill the assumption of Theorem 1.1 but
the point P is not a linear combination of the points Q1,Q2.
Proof of Corollary 1.2. Let Q1, . . . ,Qu be a set of generators of Λ (a basis if Λ has no torsion points). Then condition (2)
implies (1). 
Proof of Corollary 1.3. Applying 2t-times Theorem 1.1 with u = 1 and using assumption of linear independence we get
that for every point Qi there is a unique point Pj such that Pi = kQj and Qj = lPi for some nonzero integers k, l. Hence
Qj = lkQj so lk = 1. Thus l, k ∈ {−1, 1}. 
Proof of Corollary 1.4. The statement comes immediately from Corollary 1.3, since if x = y−1 and x, y ∈ N then x =
y = 1. 
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